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lonization-Induced Instability in an
Electron-Collecting Sheath
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An analytical and numerical investigation of the electron-collecting sheath about a positively biased probe in the
ionosphere has been conducted to determine the effect of ionization within the sheath. This study is directed at the
space charge-limited regime appropriate to objects having a characteristic size much larger than the ambient
Debye length and a uniform surface potential much greater than the ambient plasma temperature. Computer
calculations employing a fluid approximation were performed to study the dynamics of the secondary plasma
produced within the sheath. Both the analytical and computational results indicate that, when the secondary ion
production exceeds a critical level, the sheath edge propagates outward in an explosive fashion similar to the
propagation of double layers. This critical level is shown to occur for sheath dimensions Ds greater than about 1%
of an ionization mean free path X. This sheath size corresponds to the mean free path for ionization electrons
reduced by the square root of the electron ion mass ratio Ds > OL\ ^me/mi, where a is a geometrical factor of
order unity. At Shuttle altitudes and above, ionosphere probe interactions appear to be subcritical, but experi-
ments with very high voltages, enhanced neutral background, or increased ionization by beam plasma discharge
will trigger the instability.

Nomenclature
a = acceleration
DCL = Child-Langmuir length
Dd = double diode gap length
Ds = sheath thickness
e = electron charge
Feo = one-sided ambient electron thermal flux
Fes = presheath enhanced ambient electron flux at

sheath edge
Ft = local or secondary ion flux
Fn = one-sided ambient neutral flux
H = potential well depth
/ = eF, current density with subscripting as F
k = Boltzmann's constant
me = electron mass
mt = ion mass (oxygen)
mn — neutral molecule mass (nitrogen)
Nae = ambient attracted electron density
Nai = ambient repelled ion density
Ne = local or secondary electron density
Nes = sheath edge ambient electron density
Nf = local or secondary ion density
Nn = ambient neutral density
Af0 = undisturbed ambient plasma density
r = radial coordinate
rs = sheath radius
rt = ionization threshold radius
rw = potential well location
r0 = probe radius
S = local or secondary ion generation rate
T = ambient plasma temperature, K
u — velocity
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= electrostatic potential
= probe surface potential
= sheath edge potential
= anode factor
= electron kinetic energy
= permittivity of free space
= mean free path for ionization of neutrals by electrons
= Debye length
= electron-neutral ionization cross section
= energy-averaged a(e)
= solid angle

(All units are in SI except as noted in text.)

Introduction

I T has been suggested that some mechanism for ionizing
the neutral gas near an ionospheric probe at a high posi-

tive potential is required to account for observed levels of
electron current collection.1 Early theoretical studies2'4 that
considered only the collection of ambient electrons tended to
underestimate the return currents to an electron-emitting
vehicle and overestimate the potential to which the vehicle
charges. The predictions of these studies varied widely de-
pending primarily upon the inclusion of magnetic field effects.
Beard and Johnson2 ignore the geomagnetic field; Parker and
Murphy3 include it, but mostly ignore space charge effects;
and Linson4 proposes "turbulence" to transport electrons
across the magnetic field. The ionization of neutrals is consid-
ered by ZhuHn et al.5 and Galeev et al.,6 but the only
attempts at simultaneously including ionization and space
charge (but not magnetic fields) are the related studies of
Leadon et al.7 and Lai et al.8

Figure 1 illustrates the sheath ionization problem in which
electrons, attracted by the positive probe, fall through the
sheath region and impact ionize neutral atoms with a cross
section a. The newly liberated secondary ions move out
through the sheath and the secondary electrons are collected
by the probe. A proper sheath model should include both
ambient and secondary charge densities and be consistent
with the solution of Poisson's equation. Lai et al.8 does this
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and predicts a nonmonotonic current-voltage characteristic
that seems to be capable of explaining many observations,
although the effect of the geomagnetic field is not included.
Their method employs kinetic integral expressions for the
secondary ion and electron space charge that are limited to
monotonic sheath potential profiles.

Here, we present an analytical study of stability of
electron-collecting sheaths to ionization of neutral atoms
within the sheath. The analysis, based on the work of Lang-
muir,9 makes use of many simplifying assumptions. Numeri-
cal simulations were performed to extend the results to
conditions closer to those found in space experiments. The
objectives of the simulations are twofold: 1) determine the
relationship between the probe, plasma, and neutral back-
ground that could give rise, for typical geometries, to the
ionization instability; and 2) model the early time evolution of
the sheath when the parameters have exceeded the instability
threshold. The emphasis is on the former.

Our computational model of sheath ionization employs a
fluid approximation for the secondary ion space charge. This
approach was chosen because it can easily accommodate
nonmonotonic potentials, for its coding simplicity, and as a
prototype for inclusion into the three-dimensional spacecraft
charging simulation code POLAR,10 where a requirement for
computational efficiency precludes a more involved kinetic
treatment. With this approach, we have been able to model
sheath behavior as the secondary ion density in the (otherwise
electron dominated) sheath reaches and exceeds a critical
level. Specifically, the critical effect is that, with a sufficient
internal secondary ion space charge, the sheath edge moves
outward to include a more negative electron space charge;
but, in doing so, the interior ion production is proportionally
increased, leading to continued sheath expansion. This effect
is closely related to the propagation of double layers11 and
will result in the elimination of the space charge sheath near
the probe surface.

Space Charge-Limited Sheath
This study of sheath ionization is conducted within the

regime of space charge-limited current collection. This is
equivalent to the short Debye length limit XD «: r0, where XD
is the Debye length and r0 the probe radius. We also presume
that the probe voltage is Vp ^> kT/e. Under these conditions,
a plasma sheath may be described as composed of three
regions: sheath, sheath edge, and presheath. The sheath is the
region adjacent to the probe where only the attracted species
is present from the ambient plasma and the potential de-
creases with radius r faster than r~2. This, combined with the
assumption of high probe potential, produces a strong electric
field that makes any orbital motion negligible and results in
near-radial trajectories inside of some absorption radii. The
sheath edge is the nominal absorption radius for the bulk of
the attracted distribution and is generally a few \D in thick-
ness. The presheath is the quasineutral region that connects
the sheath to the undisturbed plasma.12 For equal plasma ion
and electron temperatures, a spherical sheath edge locates at a
potential of 0.49 kT/e, with the potential diminishing to zero
at infinity through the presheath. In the following, we will not
be concerned with the presheath.

Diode Models
Under space charge-limited conditions, it is possible to

approximate a plasma sheath as a space charge-limited diode,13

where for electron collection the sheath edge is modeled as a
virtual, electron-emitting cathode. The use of the term "space
charge limited" for plasma probes actually comes from this
analogy, where in the case of the diode it specifies a boundary
condition of zero electric field on an emitting electrode due to
the presence of an emitted space charge, which limits the
emission current. We can obtain physical insight into the
sheath ionization instability by pursuing the diode analogy.

Sheath Edge

r0 = object radius

r t = threshold of
ion production

rs = sheath radius

Vp = probe voltage

Fig. 1 Ionization model configuration.

Ionization occurring within the sheath, or diode, may be
approximated by a double diode, a two-electrode device where
charge carriers of opposite sign are emitted from opposing
electrodes and transported across the intervening gap. In the
analysis below, we shall employ such an approximation and,
in following sections, validate it using computer simulations.

When there is no ionization or emission of ions by the
anode (positive probe surface) and the geometry is planar, we
have the usual Child-Langmuir14'15 diode, where the electrode
separation DCL, potential drop K, and current density / are
related by the expression

where q = / or e for electrons, respectively (all units are SI). If
we use for Je, the plasma thermal electron current density

we may write

(2)

(3)

where \D = Ve0£7V7V>2 is the plasma Debye length.
When a space charge limited ion current flows from the

anode, we have Langmuir's double diode.9 For the same
electron current, the separation distance increase to

= l36DCL (4)

or if the separation is fixed, the currents will be 1.86 times the
limit given by Eq. (1) with the same dependence on D and V.
It then follows from Eq. (1) that

Je = ^mi/meji (5)

In the generalization of the double diode to plasma double
layers,16 this relation is known as the "Langmuir condition"
and is the basic stability requirement for a strong double
layer. Figure 2 illustrates a double layer with anode and
cathode locations indicated for comparison with a diode. If
either flux should deviate, one sign of space charge in the layer
will dominate and the layer will move upstream of the weaker
flux so as to satisfy this condition in the moving frame of
reference.

For the case of sheath ionization, ions need to be produced
throughout the diode gap rather than at the anode. To our
knowledge, the literature does not contain a complete solution
for such a diode, although Langmuir9 did analyze the problem
for single ion release.

The literature for a diode formed of concentric spherical
electrodes is sparse. We do have available the work of Lang-
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muir and Blodgett,17 who studied the single emitting electrode
spherical diode. Their results are primarily tabular and are not
reproduced here, but we note that Parker18 provides a useful
fit to those results. An interesting feature of their results is
that, for a given potential drop and sphere radii, the limiting
current (electrons) is higher for a central cathode than for a
central anode. We account for this asymmetry in generalizing
the Langmuir condition to spherical geometry with an anode
factor a(j\,r2), thus,

(6)

The anode factor a must be determined numerically and has
recently been reported by Wei and Wilbur.19

Sheath lonization Instability
The concept of the sheath ionization instability can be

illustrated quite simply. Consider a positively biased spherical
probe of radius r0, sheath edge radius rs, and a threshold
radius rn where the electrons have attained sufficient energy e
to ionize neutrals with density Nn and ionization cross section
a(e). Inside rt, the ion production rate will be

S(r)-o[e(r)]NaJae(r)/e (7)

where Jae is the attracted ambient electron current density
within the sheath. Assume that orbital motion within the
sheath is negligible. Then, by continuity, we may relate Jae to
Jes, the presheath enhanced12 ambient electron flux absorbed
at the sheath edge, as

An expression for the secondary ion current density out
through the sheath edge can be obtained by integrating S ( r )
over the volume of production and dividing by the sheath
edge surface area,

Ji(r>rt)=oNnJes'(rt-rQ) (9)

where, for simplicity, we have replaced a[e(r)] with an aver-
age value a. By applying the Langmuir condition, we see that
if

(10)

then the sheath will move outward, rs > 0, rt> 0, leading
directly to an increase in Ji9 which results in continued insta-
bility of the sheath. Of course, for low ionization, the sheath
wants to move radially inward, but is stopped by the probe.
From Eq. (9), we can see that Eq. (10) is equivalent to

(ii)
Virtual
Anode

Virtual
Cathode

where \ — (aNn) l is the mean free path of electrons for
ionization of neutrals and Ds - (rt — r0) is the sheath thick-
ness. Linson20 appears to have been the first to observe that
the secondary or local ion space charge will be important for a
mean free path much greater than the sheath thickness; how-
ever, he did not identify the attendant instability.

A careful estimate of the sheath expansion rate rs is difficult
to obtain, since the ion distribution function will depend on
the specific potential distribution within the sheath and the
energy dependence of the ionization cross section. However,
we may typify the expansion by noting that it will be limited
by the speed of the fastest ions, so

- 104 m/s (12)

for oxygen atoms and a probe potential of 50 V.
There should certainly be mechanisms that will modify and

limit the simple analysis present here. Some of these are:
1) A complex sheath potential profile may modify ion

velocity distributions and cause some to impact the probe.
Much of this effect will be included in the numerical model
described in the next section.

2) Wave/particle interactions might preferentially retard
electrons in the sheath and increase their space charge.

3) A magnetic field will modify electron trajectories in the
sheath and possibly retain the ions in a halo where ambient
heating could take place.21

4) Trapped orbits may be filled by secondary and scattered
electrons. These will not be truly stable orbits unless there
exists regions where the potential22 falls off slower than r~2 ,
but our numerical studies indicate that such regions may
appear as a sheath becomes unstable.

Neutral depletion is negligible, as can be seen from the ratio
of outward ion flux Ff to inward neutral flux Fn at the sheath
edge,

Fig. 2 Double-layer separating two plasmas.

where we have presumed identical temperatures and kinetic
forms for the electron and neutral fluxes. Even for extreme
choices of ambient electron density and sheath thickness, and
a = 2 X 10~20 m2, this ratio will remain exceedingly small.

Probe impedance will have a significant effect and is prob-
ably the major distinction between the numerical calculations
presented here and those of Lai et al.8 They modeled their
probe as part of a constant-current circuit where the probe
voltage fell as a result of the increased electron current pro-
duced by a sheath explosion. With a drop in probe voltage,
the instability would be quenched by a reduction in the
secondary ion flux, due to both a reduction in sheath thickness
and electron energy. This effect will not be seen in our
numerical model as our probe is held at a constant voltage
and can support arbitrarily large currents.

Numerical Model
A one-dimensional FORTRAN code, FLOMO, was written

to model the sheath ionization problem. FLOMO is a self-
consistant Poisson/space charge solver that iterates between
Poisson and space charge solutions. Poisson's equation is
solved directly by a simple tridiagonal method.23 Space charge
densities are obtained by a collection of models. Electrons are
assumed to be quasistatic, with separate models for ambient
and trapped secondary electrons. Ambient and secondary ions
are followed separately with secondary ions modeled using
time-dependent, single-fluid equations. The numerical grids
have uniform x (planar) and r (spherical) spacings.

The repelled ambient ion density was modeled everywhere
as Nai : = N0exp( — eV/kT). For the calculation of the at-
tracted ambient electron density, a sharp-edge sheath ap-
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proximation was used to separate different approximations
that are matched at the sheath edge. For spherical geometry,
the sheath edge conditions were taken from Parrot et al.,12

who found that for Vp » kt/e the sheath edge has potential
Vs = QA9kT/e, number density Nes = 0.611#0, and flux den-
sity Fes =* l.45Feo. Outside of the sheath, the attracted electron
number density was taken from the following geometric fit to
the results of Parrot et al.12:

1-0.5
27T

4-0.11

where

(14)

(15)

represents the solid angle (shadow) subtended by the sheath.
Inside the sheath edge, orbital motion is ignored and the
attracted density is calculated by the usual continuity argu-
ment

where velocity u(r) is given by energy conservation

and where

(16)

(17)

(18)

The secondary ion space charge is modeled as a fluid, using
the continuity equation,

M JL A

and the momentum equation

9(N,u) | 1 a
dt r

2 dr

(19)

(20)

where a = qE/m is the single particle acceleration. The closure
of Eqs. (19) and (20) is provided by Poisson's equation. These
fluid equations are solved by finite differences using full
upwind and forward time centering (explicit) on the convec-
tive terms.23 This numerical scheme is outlined in the Ap-
pendix. This approach was chosen because of its robustness
and its ability to handle nonmonotonic potential distributions,
which is the particular advantage over an integral kinetic
method. More rigorous methods such as a turning point
formalism22 or a fully differenced Vlasov approach24 are be-
yond the scope of this work.

The secondary electron space charge is ignored unless local
trapping occurs. We justify this by observing that in the
absence of trapping, the secondary electron space charge is
less than the ambient sheath electron space charge by more
than a factor of V/W^/AW/.

After each Poisson solution, we inspect the potential distri-
bution for the appearance of an electron trap, or well, and
account for it as follows. Let us assume that a potential well
of depth H has appeared at rw and that in the well the
electron distribution is Maxwellian for all trapped electron
energies, zero for untrapped energies, and normalized to the

central ion density Nj(rw), thus
m \3/2

kT

A secondary electron temperature of 1 eV was assumed in the
calculations.

These various charge densities are summed and possibly
adjusted according to a charge stabilization algorithm10 that
guarantees stability in the Poisson solution without iterate
mixing.25 Briefly, this algorithm derives from a physical plau-
sibility argument which recognizes that, in the discretization
of Poisson's equation, space charge features (such as the
sheath edge) that are nonlinear with position and potential
and numerical errors may both become artificially amplified
when summed over discrete elements. The charge stabilization
technique inspects for excessive total discrete charge and
reduces it to a limit that is consistent with numerical stability.

Results of the Numerical Calculations
We present the results from six calculations: a planar con-

figuration with either no secondary ions, an anode ion source
or volume ion production (ionization of neutrals), and a
spherical configuration with the same secondary ion options.
The planar calculation with anode ions and no local ions
serves as a check on the accuracy of our model since those
results may be compared with the analytic theory of Lang-
muir.9 These calculations employed 100 grid points to span 30
m (planar) or 12 m (spherical). All six calculations employed
the same ambient plasma parameters, which are summarized
in Table 1 along with other model parameters. The steady-state
results are presented in Table 2, where the sheath edge Ds is
found from the solution as the 0.5 kT/e point. The results for

Table 1 Model plasma parameters

A^ = 1.2 X 109 m~ 3 Jmi/me — 242.2 for oxygen

Fe0 = 4.0 X 10
e = 10 eV ionization threshold

For K = 50 V
Z)CL = 11.4 m (Refs. 13 and 14)
Dd = 1.36 - DCL = 15.5 m (Ref. 15)

For R0 = 2.0 (spherical)
Ds = 4.0 m (Refs. 10 and 16)

Table 2 Numerical results8

Model
Planar without

local ions
Planar with

anode plasma
Planar with

ionization
Spherical without

local ions
Spherical with

anode plasma
Spherical with

ionization

Anode Critical neutral
Sheath thickness, m factor density

Model Theory a Nn,m~3

11.6 11.4 —

15.9 15.5 1.05

16.4 — 1.08 1.4 X1016

4.4 4.0 —

6.5 — 2.1

5.7 — 2.3 7.0 X1016

a Sheath thickness, anode factors, and critical neutral density levels for
the six models. Table 1 describes the plasma; the anode potential for V
was 50 V in all cases and the spherical probe radius was 2 m.



136 D. L. COOKE AND I. KATZ J. SPACECRAFT

both the anode plasma and ionization models represent the
saturation limit, i.e., if in either case the ion production is
increased, the sheath edge begins to move outward. The
sheath thickness given for the spherical models is Ds = rs - r0.
The theoretical prediction for Ds comes from Langmuir and
Blodgett16 using the presheath current enhancement of Parrot
et al.12

The unstable motion of the sheath was investigated for the
four cases that involved stability limits, but we present here
only results for a marginally unstable spherical case. Figure 3
is a voltage radius profile for the 2 m radius spherical probe,
with a neutral density of 5.0 X 1016 m~3. Notice that the
sheath radius is ~ 6.4 m, which is essentially the result for no
ionization. The charge densities are presented in Fig. 4.

In Fig. 5, the neutral density has been increased to 7.0 X 1016

m~3. The increase is modest, but the effect is dramatic result-
ing in an increase in sheath radius from 6.4 to 7.7 m, with a
45% increase in sheath area and ambient electron current.
Figure 6 shows the charge density profiles where we see that
electrons are still dominant inside the sheath.

If the neutral density is incremented to 8.0 X 1016 m~3, the
unstable sheath expansion begins. Figure 7 is a voltage profile
snapshot at 1.3 ms and Fig. 8 the charge profile. Notice how
the ion density begins to dominate in some regions. As this
occurs, the electric field that removes the ions is weakened, ion
removal is reduced, and the density increases. The calculation
was halted at 2.2 ms when the sheath hit the outer boundary
at 14 m. This final set of profiles is shown in Figs. 9 and 10. It

is noteworthy that all of our potential distributions are mono-
tonic. This is due to the action of the secondary electron
trapping model. Prior to its inclusion, unrealisticly large posi-
tive potential excursions were observed in the solutions, indi-
cating that some trapping occurs.
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Fig. 5 Potential profile at maximum stable neutral density.
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Fig. 8 Normalized charge density profiles corresponding to Fig. 7.

sheath to expel ions appears relatively insensitive to where the
ions are generated. This allows a very simple relation, Eq.
(11), to determine whether sheath ionization will be important
for a given experiment. The close agreement between our
numerical calculations and Langmuir's double-diode theory9

(Table 2) suggest that the numerical model is adequate. We
also conclude that for a neutral density that is a factor of two
or so below the critical level, ionization has little impact on
electron collection or sheath structure.

The determination of the equivalent anode factor for the
case of a spherical probe with sheath ionization is subject to
numerical accuracy and this interesting number deserves more
accurate evaluation. However, we may still obtain a conserva-
tive estimate of the critical neutral density from the planar
results, since the anode factor is unity (the limit of Ds <§: r0)
and the planar sheath is thickest. Thus, from Eq. (11),

Nn = (oDJ)~l
]/me/mi (22)

or using Eqs. (3) and (4) and omitting constants of order
unity,
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Fig. 9 Potential profile at 2.2 ms.
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Fig. 10 Charge density profile corresponding to Fig. 9.

(23)

For a daytime shuttle environment, we might choose kT/e
= 0.1 eV, #0 = 1 XlO1 m -3 •• 0.74 cm, and a = 2 X
10 20 m 2. For these conditions, Eq. (11) predicts that a
surface at a potential of 1 kV would develop an explosive
sheath at Nn>2x 1016 m"3 = 5 X 10"~7 Torr. In both this
case and the previous model plasma, the critical neutral den-
sity is quite high compared to the natural background, but
within the possible contamination range for the Shuttle and
certainly important for sounding rockets.

Appendix
The numerical fluid scheme of FLOMO is set into a

staggered mesh where the secondary ion density Af, secondary
ion source rate S, and the electric field acceleration of sec-
ondary ions a are defined on integral mesh nodes indexed as
j — 1, j, jf + 1, etc. (mass nodes). The ion velocity u is defined
at integrally spaced half-steps j - \, j + \, etc. (velocity
nodes). Grid indices will appear as subscripts and the time
index appears as a superscript to the right of a symbol.
Upwind-differenced quantities are preceded by an asterisk.
Volume-averaged quantities are covered by a bar and the
sequence + — indicates the sum of the plus and minus index
quantity to be used in averaging, otherwise ± means the usual
plus or minus.

Areas A separating control volume elements (slabs or
spherical shells) are defined at both integral and half-nodes
and volume elements are calculated for each half-shell to
facilitate volume averaging and the construction of both mass
node and velocity node control volumes (Wj and WJ+L, re-
spectively) from the appropriate two half-volumes.

To simplify this outline, assume that the iteration sequence
is underway, the grid indices are not on a boundary, and
where for simplicity the usual t and t + 1 time indices are
replaced by 0 and 1. The scheme then begins with calculating
an upwind mass flux at velocity nodes,

where the ± % indicates a choice of only the density " upwind"
of My + i. Our differenced form for the continuity Eq. (19) is

Conclusions
The analogy between the volume ionization within a sheath

and the Langmuir double-diode model appears well justified
by the numerical results shown in Table 2. The ability of the

s, (A2)
which may be algebraically solved for TV/.
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Next, form the quantities,
(A3)

where a volume-weighted average is indicated by the notation
(note that this term is not constructed upwind as the con-
stituents are already upwind),

*"y=w7°±l (A4)
where the ± \ indicates an upwind selection made according
to the volume-averaged velocity uj+_L

*,^=*Li+-i (A5)

With these definitions, we difference the momentum Eq. (20)
as

-«°+iA£t (A6)

which may be solved for M}+I. The acceleration term is
calculated as

(A7)

where g and w are the ion charge and mass.
The boundary condition on the probe surface (j — £) is

t / i=0,

On the outer boundary,

F-0,

(A8)

(A9)

where upwind differencing makes the choices for u and n
inconsequential on the outflow boundary.
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